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Abstract
Non-reciprocal devices, with one-way transport properties, form a key component for isolating
and controlling light in photonic systems. Optomechanical systems have emerged as a potential
platform for optical non-reciprocity, due to ability of a pump laser to break time and parity sym-
metry in the system. Here we consider how the non-reciprocal behavior of light can also impact
the transport of sound in optomechanical devices. We focus on the case of a quasi one dimen-
sional optical ring resonator with many mechanical modes coupled to light via the acousto-optic
effect. The addition of disorder leads to finite diffusion for phonon transport in the material,
largely due to elastic backscattering between clockwise and counter-clockwise phonons. We show
that a laser pump field, along with the assumption of high quality-factor, sideband-resolved optical
resonances, suppresses the effects of disorder and leads to the emergence of chiral diffusion, with
direction-dependent diffusion emerging in a bandwidth similar to the phase-matching bandwidth
for Brillouin scattering. A simple diagrammatic theory connects the observation of reduced me-
chanical linewidths directly to the associated phonon diffusion properties, and helps explain recent
experimental results.
PACS numbers: 42.50.Wk, 07.10.Cm, 42.50.Lc, 42.50.Dv
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I. INTRODUCTION
Optomechanics, in the form of directional light-matter coupling via Brillouin scattering
as a result of momentum conservation, leads to non-reciprocal behavior for light propagation
[1–5] when a pump laser breaks time and parity symmetry. These studies focused on new
ways of building on-chip optical isolation device [6–8], with applications in optical quantum
computation [9, 10] and quantum simulations [11]. Similarly, we posited that the directional
optomechanical interaction generically leads to non-reciprocal phonon behavior [12]. This
non-reciprocal behavior may show up in a variety of settings. For example, in the presence of
phonon scattering via disorder, impurities, or phonon-phonon interactions, phonons traveling
in both directions undergo reciprocal, diffusive transport. In particular, disorder does not
conserve parity. However, in a recent paper [13], the parity-conserving, chiral transport of
phonons was observed in a whispering-gallery type microsphere resonator in the optically
non-reciprocal regime. This is due to acoustic-optic coupling with a strong, directional
pump, even in the presence of phonon scattering via impurities. That experiment showed
that the linewidth of clockwise and counter-clockwise phonons can be modified in opposite
ways at the same time.
A minimal theory for explaining the optically-induced chiral behavior of phonons ob-
served in [13] is possible with just a few assumptions [12]. However, understanding how
optically-induced chirality impacts phonon transport in the continuum regime requires a
more detailed understanding of the modification of the phonon propagation, which we pro-
vide here. We assume that there are two counter-propagating optical modes (control and
probe) and a continuum of phonon modes (including both forward and backward propagat-
ing modes) in the system, so Brillouin scattering can be stimulated [14, 15]. We assume
narrow optical resonances (sideband-resolved regime) to prevent anti-stokes phonon genera-
tion processes.The directional coupling to the optical fields provided by the phase-matching
condition of Brillouin scattering optomechanically cools phonons in one direction [16, 17],
while phonons in the other direction do not experience this optical modification directly be-
cause they are not phase matched. When considering a series of random phonon scattering
processes which cause phonon diffusion [18], we show that the asymmetry in the free phonon
propagation due to optomechanical coupling eventually leads to chiral behavior for phonon
transport.
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Our theory is an expansion and extension of our previous work [12] in collaboration
with experimental efforts [13]. In contrast to those works, here we directly consider the
many-mode behavior of the system and use a simple diagrammatic perturbation theory to
connect experimentally measurable quantities in the optics to the phonon diffusion. In Sec
II, we consider a model where multiple phonon modes are coupled to a common optical
mode with different weights, due to phase matching. We also consider phonon scattering
via impurities, with the introduction of a random scattering potential. Subsequently, in
Sec III, we use the Heisenberg-Lagevin equations to find the linear response of phonons. In
particular, we consider the case where only a few phonon modes are strongly coupled to
the optical mode, and we use numerical simulation of the scattering potential to find the
linear response function. Finally, in Sec IV, we use diagrammatic perturbation expansion in
disorder potential to calculate the phonon linear response of a multi-mode coupled system to
find the phonon linewidth, and connect the experimentally observable phonon mode quality
(Q) factor to the phonon diffusion rate.
II. MULTI-MODE THEORY OF THE ELASTIC-OPTIC INTERACTION IN THE
SIDEBAND-RESOLVED REGIME
We consider a continuum theory for a quasi one dimensional waveguide resonator that
supports photons and phonons at the same time. We focus on the one dimensional case
for its simplicity and transparency, though we note that our motivation and prior, simpler
theoretical work examined the three dimensional case [12, 13]. The phonons are subject to
periodic boundary conditions (PBC) and the photons are send into the waveguide through
evanescent coupling to an optical waveguide. The control field , which sets the directional
propagation via phase matching and Brillouin scattering, is red detuned from a counter-
propagating probe optical mode with the detuning ∆ = ωc −ωp < 0, and we will assume that
optical modes are narrow enough in frequency to be sideband-resolved (κ < ∆). Brillouin
scattering is possible by absorbing a phonon and a control photon and subsequently creating
an anti-Stokes probe photon, as shown in Fig. 1.
The phonon modes in the waveguide are the second quantized form of the normal modes of
the displacement field of the material. In the quasi-1D limit, when the dimension of the cross
section of the waveguide is small compared to the radius of the ring r0, the displacement field
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FIG. 1. (color online). (a) Schematic of the ring waveguide resonator that supports two counter-
propagating optical modes aL, aR and continuum of phonon modes bq, b−q. (b) The dispersion
relation curves for photon (blue line) and acoustic phonon (red curves). An pump photon absorbs
an incoming phonon and then produce a counter-propagating anti-Stokes photon with a higher
energy. Both momentum and energy are conserved in this anti-Stokes Brillouin scattering process.
in the longitudinal direction is described in polar coordinates by u = u(θ, t). The Lagrangian
of the system reads:
L = ∫ 2pi
0
Lθdθ, (1)
where the Lagrangian density is
Lθ = 1
2
[ρθ(∂tu)2 − Y
r0
(∂θu)2] , (2)
ρθ is the density per unit angle, and Y is the Young’s modulus. The conjugate momentum
density is defined as
pi = ∂Lθ
∂(∂tu) = ρθ∂tu, (3)
so the Hamiltonian density is
H = pi∂tu −Lθ = 1
2
[pi2
ρθ
+ Y
r0
(∂θu)2] . (4)
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We now go to momentum space and expand u,pi in normal modes:
u(θ, t) =∑
q
uqe
iqr0θ, (5a)
pi(θ, t) =∑
q
piqe
iqr0θ. (5b)
with the commutation relations [uq, piq′] = ih̵δq,q′ . The Hamiltonian density is then integrated
H = ∫ 2pi
0
Hdθ = 2pi∑
q
(piqpi−q
2ρθ
+ 1
2
ρθΩ
2
ququ−q) (6)
where Ωq = qv is the frequency of mode q and v = √Y r0/ρθ is the (angular) speed of sound.
Since the position-space pi and u are both hermitian operators, we have pi†q = pi−q and u†q = u−q.
We define the following annihilation operator
bq = √ρθΩq
2h̵
(uq + i 1
ρθΩq
piq) . (7a)
where xqzpf = √ρθΩq/2h̵ is the size of the phonon ground state in θ. The Hamiltonian can be
described by a set of decoupled quantum harmonic oscillators, namely phonons modes
Hphonon =∑
q
Ωqb
†
qbq. (h̵ = 1) (8)
We note that the phonon group velocity v is assumed constant, because we only consider
the long wavelength phonons in the accoustic branch, as show in Fig. 1.
The electric field of the optical mode in the resonator can also be expanded as [19]
E(t, θ) =∑
k
√
h̵ωk
2V
ake
ikr0θ + h.c., (9)
where  is the susceptibility of the medium, V = 2pir0A is the volume of the waveguide, ak is
the annihilation operator for mode k in the Heisenberg picture, and ωk/2pi is its frequency.
The Hamiltonian of the optical field in second quantized form is
Hphoton =∑
k
ωka
†
kak, (10)
which represents a sum of independent quantum harmonic oscillators. Again, for simplicity
we consider a single optical transverse mode. Using periodic boundary conditions, we find
that ωk = ∣nk∣ c/r0, with nk ∈ Z the mode number. The dispersion relation can be of a more
general form, but the most important part is the phase in Eq. (9), which is related to
phase-matching, as we will discuss in more detail later.
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The interaction between the mechanical motion and electromagnetic field comes from
acousto-optic effect: a change in the susceptibility of the material because of the strain from
the displacement. This further leads to the change in the energy of the electromagnetic field
inside the material:
Hint ≈ ∫ 12 ∂∂ss ∣E ∣2 r0Adθ. (11)
The strain field s is related to the displacement field u by the definition s ≡ ∂θu/r0, and
we take ∂/∂s to be a constant determined by material properties. In explicit form, the
interaction is
Hint = 1
2
A
∂
∂s ∫ ∑q iqr0uqeiqr0θ∑k,k′ h̵
√
ωkωk′
2V
[akak′ei(k+k′)r0θ + aka†k′ei(k−k′)r0θ + h.c.]dθ
= ih̵
8pi
∂
∂s ∫ ∑q,k,k′ q√ωkωk′
√
h̵
2ρθΩq
(bq + b†−q) eiqr0θ [akak′ei(k+k′)r0θ + aka†k′ei(k−k′)r0θ + h.c.]dθ
≈ i h̵ωk
8pi
xqzpf
∂
0∂s
∑
qkk′ q(bqaka†k′ + b†qa†kak′)fkk′(q). (12)
In the last line, the function fkk′(q) represents the momentum and energy conservation
conditions for forward Brillouin scattering (FBS), corresponding to integrating out θ and
assumption of our effective 1D system.
In the above calculation, however, we ignored the effects of damping (in the form of non-
orthogonal waves with an imaginary part, as arises in quasi-mode theory) and misalignment
of the optical and acoustic transverse modes, both of which give fkk′(q) a finite width in
momentum space.. We will show that inclusion of these effects is self consistent in the final
section of the paper – for now, we leave it as an assumption. Looking only at the damping
term, we have an expected phonon damping from diffusion of γ = Dq2, where D is the
phonon diffusion constant. We neglect the q dependence in γ in what follows as we assume
the optical system is sideband-resolved, and changes in q away from the phase matching
condition are small compared to the overall magnitude of q. There is also an imaginary
term in the photon wavevector, which is related to the optical loss κ. Thus in general, the
integration over the spatial coordinate θ is not a δ-function anymore, but should be replaced
by the following function that has a finite width:
fkk′(q) = ∫ 2pi
0
ei[(k−i κ2c )−(k′−i κ2c )+(q−i γ2v )]r0θdθ = γ/2v + κ/c(γ/2v + κ/c) + i(δq) , (13)
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where δq = q −∆k = q − (k′ − k) and we have specialized to the case of two modes: control
(with wavevector k) and probe (with wavevector k′).
With this general theory in place, we can now consider the following scenario: we drive the
control mode ap(≡ ak) strongly with a red-detuned laser and probe the counter-propagating
anti-Stokes mode a(≡ ak′) with a weak field. We then linearize the Hamiltonian following the
usual optomechanics prescription of replacing ap with its steady state amplitude α = E/(−i∆+
κ/2), where the input field amplitude is related to the input power by E = √Pinκ/h̵ωk. The
Hamiltonian for the interacting system is
H = −∆a†a +∑
q
Ωqb
†
qbq +∑
q
icclq [f(q)a†bq − f∗(q)b†qa] , (14)
where and the linearized coupling (angular) speed is given by
ccl = h̵ωk
8pi
xqzpf
∂
0∂s
α. (15)
The α here is taken to be real, which can be done by a simple gauge transformation without
loss of generality. We consider the case when the effective detuning of the anti-Stokes mode
is close to the frequency of the phonon band: ∆ = ωc − ωp ≈ −Ωq.
So far, we have neglected the presence of disorder/defects in the material, which causes
phonon scattering and thus mixes phonons with different momenta. We model the defects
as random fluctuations of the density of the material δρ. This introduces an extra term in
the Hamiltonian of the system:
Hdefect = 1
4ρ0
∑
qq′
√
ΩqΩq′(bq − b†−q)(bq′ − b†−q′)∫ 2pi
0
δρ(θ)ei(q+q′)r0θdθ
= − 1
2ρ0
∑
qq′
√
ΩqΩq′bqb†q′δρq−q′
= −∑
qq′ gqq′b
†
qbq′ (16)
The scattering strength gqq′ between phonon modes can be calculated numerically by model-
ing the density fluctuations δρ(θ) as a quasi-static, random gaussian function, with ⟪δρ⟫ = 0
and correlation function ⟪δρ(θ)δρ(θ′)⟫ = U¯2δ(θ − θ′), where U¯ is the nominal strength of
the disorder and the ⟪⋅⟫ symbols indicate averaging over disorder. We note that from this
expression for g, we immediately realize that gqq ∝ δρqq = 0 for q ≠ 0, which means that the
scattering potential always mixes phonons with different wavevectors. Thus the effect of the
disorder will only be to scatter phonons into different outgoing momenta. As we will show,
this will lead to diffusive transport for phonons in the absence of optical pumping.
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III. LINEAR RESPONSE THEORY AND COMPARISON TO PRIOR WORK
Including the damping for sound and light, and the optomechanical interaction in the
pump-enhanced frame, we can now describe the linear response of phonons using the
Heisenberg-Langevin equations in the input-operator formulation:
a˙ = −i(−∆ − iκ/2)a +√κain +∑
q
cclqf(q)bq, (17a)
b˙q = −i(Ωq − iγq/2)bq +√γqbinq − cclqf∗(q)a + i∑
q′ gq′qbq′ . (17b)
Here we only consider a single optical mode (that responsible for sideband cooling), and
neglect the other probe mode. We can then move to frequency space and get a matrix equa-
tion for the mechanical modes after eliminating the optical mode by solution of Eq. (17a).
We get
Db⃗(ω) = −i√Γb⃗in(ω) +Mb⃗(ω) +Eb⃗(ω). (18)
We define b⃗ = [b1, b2,⋯, bq,⋯]T and the following matrices:
Γqq′ = γqδqq′ , (19a)
Dqq′(ω) = (Ωq − ω − iγq/2)δqq′ , (19b)
Mqq′(ω) = c2clqq′f(q)f∗(q′)(−∆ − ω) − iκ/2 , (19c)
Eqq′ = gqq′ . (19d)
Here D is the bare phonon inverse susceptibility, M represents the effects of the optical
mode in both adding damping and mixing mechanical modes, and E is the disorder-induced
scattering. The optical noise ain, corresponding to a vacuum input field, is usually very
small compared to the thermal noise bin, and here we will neglect it. So we find that
b⃗(ω) = χ(ω)(−i√Γ)b⃗in(ω) = −i√Γ
D − (M +E) b⃗in(ω), (20)
where χ(ω) is the susceptibility matrix for the mechanical system. Since the scattering rate
gqq′ is random, we can find the response matrix by taking the ensemble average of many
density fluctuation configurations (again denoted by ⟪⋅⟫),
χ¯(ω) ≡ ⟪ 1
D − (M +E)⟫ . (21)
The diagonal element of the response matrix χ¯(ω) gives the linear response of each mode:
bq(ω) = χ¯qq(ω)binq (ω). (22)
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We first consider the case when the mode spacing of phonons is greater than phonon
damping rate near the phase-matched condition for sideband cooling: ∆q > γ/v. In this
regime, only one particular phonon mode interacts resonantly with the optical mode, which
means the main feature of the multi-mode theory is captured in a single-mode minimal
theory, as described in Fig. 2(a). We can easily write down the Heisenberg-Langevin equa-
tions [19–21] for each mode and solve the equations in frequency domain. From its linear
response function, we can extract the approximate damping rates for each mode near reso-
nance ω ≈ ωm,
γ+ ≈ γin + γopt + 4g2
γin
, (23a)
γ− ≈ γin + 4g2
γin + γopt , (23b)
where + is for the forward propagating (CW) phonon and − is for the backward propagating
(CCW) phonon. When ∆ ≈ −ωm, the optomechanical damping rate is γopt ≈ 4α2/κ in the
side-band resolved regime, where α is the pump enhanced optomechanical coupling rate. It
is clear that when the pump strength α increases, the optomechanical damping rate γopt
also increases, and this leads to broader linewidth for forward propagating phonon [17, 22]
and narrower linewidth for backward propagating phonon [13] at the same time.
To compare our multi-mode theory to the simpler theory used in [12, 13], we choose a
few phonon modes and run a numerical simulation to directly calculate the linear response
function by taking ensemble average of the random scattering potential. The numerical
result is shown in Fig. 2, which is in good agreement with the analytical result for linewidth
in Eq. (23).
IV. DIAGRAMMATIC EXPANSION
On the other hand, when the phonon mode spacing is smaller than phonon damping rate
∆q < γ/v, multiple phonons contribute. We need to find out how the linewidth of phonon
mode depends on the pump power in this multi-mode regime, even as it approaches the
continuum limit. In the following, we setup a formal calculation of linear response function
using a simple diagrammatic perturbation expansion. Our goal is still the valuation of the
9
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FIG. 2. Linear response of different phonon modes as a function of rescaled frequency. Green curve
represents the response of phonons without the optomechanical coupling, red (blue) curve repre-
sents the response of backward (forward) propagating phonon when the optomechanical coupling
is turned on.
following ensemble-averaged phonon propagator:
⟪G⟫ = ⟪ 1
D − (M +E)⟫ , (24)
which would be able to tell us the frequency shift and modified linewidth of each phonon
mode.
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A. Expansion of the phonon propagator
We start by expanding the denominator inside the ensemble average of Eq. (24) up to
second order in E:
(D −M −E)−1 = (D −M)−1 + (D −M)−1E(D −M)−1+(D −M)−1E(D −M)−1E(D −M)−1 +⋯ (25)
Because of the assumed stationarity (⟪E⟫ = 0) of the scattering potential, only terms with
even numbers of E have a nonzero ensemble average [18]. To illustrate the interplay between
optical cooling and disorder scattering, we define a modified M˜ matrix via
⟪[D −M −E)]−1⟫ = (D − M˜)−1 (26)
We first keep only first order terms in the operator M and second order in E, and write
(D − M˜)−1 ≈ (D −M)−1 + (D −M)−1 ⟪E(D −M−1)E⟫(D −M)−1 (27)
We also can take high order corrections into account, and with a partial summation described
in more detail in the next section, we write the result as the following:
M˜ ≈M +⟪E 1
D −ME⟫ (28)
We see that the modification to the free propagation of phonons has two contributions: the
direct optomechanical interaction M and two successive scatterings E with a optomechani-
cally modified phonon propagation 1/(D −M) in between, as shown in the diagram below
in Fig. 3.
The random Gaussian noise like scattering potential satisfies
⟪Eq1q2Eq3q4⟫ = U¯2δq1+q3,q2+q4 (29)
As noted before, when q = q′, we have Eqq′ = 0. Consequently, we avoid a pole when per-
forming summation or integration. To find the linear response of the phonons, we calculate
the diagonal element of the matrix M˜ . We focus on the second term in Eq. (28), which in
more explicit form is
⟪E 1
D −ME⟫ii =∑j,k ⟪EijEki⟫( 1D −M )jk = U¯2∑j≠i ( 1D −M )jj . (30)
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FIG. 3. Phonon propagator and perturbation expansion. (a) The Dyson equation for the op-
tomechanically modified propagator (thick wavy arrow) due to optomechanical interaction M . (b)
The ensemble averaged phonon propagator ⟪G⟫ is the sum of the modified propagator and two
successive scatterings E with a modified propagator in between, and higher order contributions.
(c) The diagonal element of ⟪G⟫ for backward propagating phonon q− is the sum of the diagonal
element of the modified back propagator (red thick arrow) and the diagonal element of two suc-
cessive scatterings with a modified forward propagator (blue thick dashed arrow) in between. The
result for forward propagating phonon q+ is also shown below. The asymmetric optomechanical
coupling leads to the asymmetry in phonon propagator.
The corresponding diagram for calculation is also shown in Fig. 3. With this result, it
is now much easier to calculate the linear response of phonons, since we get rid of the
ensemble average over the random scattering. This approach, a weak disorder expansion,
neglects multiple scattering events that, in higher dimensions, cause weak localization and
weak anti-localization. In the high temperature limit that we work with here, we expect
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thermal fluctuations and phonon-phonon scattering to lead to relatively fast changes of the
effective disorder potential, rendering these multiple scattering events incoherent. At very
low temperatures, these effects should be properly included.
B. Analytical results
To progress further, we can also find the exact form of the (D−M)−1 matrix. Specifically,
the matrix M could be rewritten as
Mqq′(ω) = c2clqq′f(q)f∗(q′)(−∆ − ω) − iκ/2 = ⟨q∣ ∣φ˜⟩ ⟨φ˜∣ ∣q′⟩(−∆ − ω) − iκ/2 (31)
where ∣φ˜⟩ = (⋯, cclqf(q), ⋯)T , (32)
is a vector in the space of normal modes that describes the optomechanically modified mode
superposition. We normalize ∣φ˜⟩ by defining ∣φ⟩ = ∣φ˜⟩ /N with the normalization factor
N2 = ⟨φ˜ ∣ φ˜⟩ =∑
q
c2clq
2∣f(q)∣2. (33)
We get M = λP , with P = ∣φ⟩ ⟨φ∣ a rank-1 projector and
λ = N2(−∆ − ω) − iκ/2 . (34)
This gives the useful identity:
PD−1P = gP (35)
with g = ⟨φ∣D−1 ∣φ⟩. Thus the series
GM ≡ 1
D − λP =D−1 + λD−1PD−1 + λ2D−1PD−1PD−1 + . . . (36)=D−1 + λD−1PD−1 + λ2gD−1PD−1 + λ3g2D−1PD−1 + . . . (37)
=D−1 + λ( ∞∑
n=0(λg)n)D−1PD−1 (38)=D−1 + 1
λ−1 − gD−1PD−1 (39)
We now estimate g in 1-dimension. We have, near the resonance in f(q),
g(ω) = ∑q c2clq2∣f(q)∣2 1Ωq−ω−iγq/2
N2
≈ (pi/2)iρ(ω)c2clq2ω ∣f(qω)∣2
N2
(40)
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where the resonance value Ωqω = ω, and phonon density of states ρ(Ω). We have used the
usual delta function description of 1/(x − i) = piiδ(x) +P (the Sokhotski-Plemelj theorem),
and the factor of 1/2 comes from the integration of the ∣f(q)∣2 function. We only keep the
contribution from q near the phase-matching condition, preventing a second pole for the non-
coupled (back propagating) sound from contributing. We remark that g is purely imaginary,
and acts to effectively broaden the value κ by an amount κ˜−κ = −2iN2g = piρ(ω)c2clq2ω ∣f(qω)∣2,
consistent with our original definition of f(q) including phonon damping Eq. (13).
Let us consider the prefactor (1/λ − g)−1 in more detail. Writing it out, we have
η ≡ 1
1/λ − g ≈ N2(−∆ − ω) − iκ˜/2 . (41)
When the optical power is small, N2 → 0, as expected. As the optical power becomes large,
κ˜ ≫ κ, and there is an effective increase in the range over which these effects can occur.
Note that N2/c2cl∣f(q)∣2 does not change with power, so η → i 2N2piρ(ω)c2
cl
q2ω ∣f(qω)∣2 . In general, the
prefactor η is in the positive imaginary part of the complex plane.
From this result, we can look again at
G = 1
D − λP −E = GM +GMEG (42)= GM +GME(GM +GMEG) (43)
Putting in the average over disorder, we have
⟪G⟫ = GM +GM ⟪EGMEG⟫ (44)≈ GM +GM ⟪EGME⟫⟪G⟫ (45)⇒ G−1M ⟪G⟫ = I + ⟪EGME⟫⟪G⟫ (46)⟪G⟫ = 1
G−1M − ⟪EGME⟫ (47)
The factorization of the mean value in Eq. (45) is the key point here, and the only approxi-
mation. We note that this approximation is the same one used in the prior resummation in
Eq. (28), but in more explicit form.
Evaluating this, we define ⟪G⟫ = (D − M˜)−1, as before with
M˜ = λP + ⟪ED−1E⟫ + 1
1/λ − g ⟪ED−1PD−1E⟫ (48)=M +ΣD +ΣP (49)
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where ΣD is the self-energy term that leads to diffusion in the absence of the optical field,
and ΣP is the new term that will cancel some of this self-energy, leading to reduced diffu-
sion, while M adds (for forward propagating phonons) direct damping via optical cooling.
Intuitively, we can understand the ΣD term to correspond to phonons that scatter back-
wards, then forwards again an indeterminate time later, which leads to a random walk and
diffusive transport. On the other hand, the ΣP term has, during the backward propagation
stage, a chance to be absorbed (converted into an optical photon and lost). This induced
imaginary component in the reflection can, in analogy to the quantum Zeno effect, prevents
the backscattering in the first place, as we now show analytically.
We look first at the regular diffusion term ΣD. Using the averaging of ⟪Eqq′Ekk′⟫ =
U¯2δq+k,q′+k′ , ⟪ED−1E⟫
qk
= U¯2∑
k′ (D−1)q−k+k′,k′ (50)
The diagonal nature of D in the plane-wave basis means that q−k = 0 is the only contribution.
Thus the effect is purely diagonal, and given by U¯2∑k′(D−1)k′,k′ ≈ 2piiρ(ω)U¯2, where the
factor of 2 comes from the degenerate phonons modes propagating in opposite directions.
This is the loss via diffusion that we expect from disorder.
Turning now to the optical correction to diffusion ΣP , we define
−Wq−k ≡ ⟪ED−1PD−1E⟫qk = U¯2∑
k′ (D−1PD−1)q−k+k′,k′ (51)
Looking at the backward propagating modes with q such that f(q) ≈ 0, we can neglect the
M term for the diagonal contributions. We can also approximate D−1PD−1 with terms that
correspond only to those near q0, the ones with f(q0) largest – everything else is suppressed.
That is, we can take P to be a width w approximation to a delta function near q = q0, which
means only terms in the sum with ∣k′ − q0∣ < w and ∣q − k + k′ − q0∣ < w contribute. This
leads to an effect for a narrow range of ∣q − k∣ ≲ w. Working near resonance, D−1 is nearly
purely imaginary; the product is thus real and negative. So we expect the overall term to
be of order −U¯2W with W ∼ ∣g∣2. Note that the minus sign, combined with the fact that η
is the upper half plane, means that this effect strictly decreases the diffusion term near the
resonance.
We can bound this by noting:
−W0 =∑
k′ (D−1PD−1)k′,k′ = Tr[D−1PD−1] = ⟨φ∣D−2 ∣φ⟩ (52)
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We can evaluate this, in principle to get a (frequency-dependent) contribution. For speci-
ficity, let us consider a simplified case where ∣qf(q)∣2 is a lorenztian of width γ/v about
qc = ∆k = k′ − k and maximum of q2c . We also take ρ = r0/v. Explicit integration gives
N2 = c2clq2cρpiγ2 (53)
g = iγ/4(ω −Ωc)2 + γ2/4 (54)
W0 = 1/4(ω −Ωc)2 + γ2/4 (55)
Looking near resonance, for small ρ, we recover for q ≈ −qc, and ∆ = −Ωc,
M˜qq
D0q2
≈ i [1 − 1
2piρU¯2
2N2
κ − 2igN2 U¯2W0] (56)
= i [1 − c2clq2cγ/2
κ + c2clq2cpiρ 1Γ2 ] (57)= i [1 − c2clq2c /(2γκ)
1 + c2clq2c /(γκ) ⋅ piργ ] (58)
normalized with the laser-free diffusion constant D0 = 2piρU¯2/q2. At high power (large c2cl),
this further simplifies to
D/D0 ≈ 1 − 1
2piργ
(59)
That is, the diffusion is reduced, but the reduction is limited by the number of states that
fit in the width of the phase matching, ∼ ργ. If only a few states phase match, the reduction
in diffusion could become large.
C. Comparison between analytical formula and numerical results
We can compare the approximate formula of Eq. (57) for the center mode of the back-
propagating (CCW) phonon bands, with the numerical results based on Eq. (29), as shown
in Fig. 4. The forward-propagating (CW) phonons are more strongly coupled to the optical
mode, so their linewidth is dominated by optomechanical cooling, as indicated by the large
value of the mode-matching function ∣f(q)∣2.
The numerical data points (in circles) are calculated using Eq. (29) and then fitted by
curves of the form y = 1−a ⋅x/(1+b ⋅x), which shows the dependence of the phonon diffusion
on rescaled pump power. From our formula Eq. (57), we expect a → 1/2 and b/pi → ργ.
The lease square best fit values for a, b are consistent with our theory prediction. Since our
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formula is obtained by making approximations using the continuum theory, there is some
minor discrepancy between the fitted values of a and the coefficients in the formula.
We see that as the pump power increases, the diffusion of the CCW phonon keeps de-
creasing but saturates eventually. The damping of back-propagating (CCW) phonon mainly
comes from its scattering with disorder/impurity of the material, and it is also not directly
modified by the optics, since the mode-matching function ∣f(q)∣2 is near zero, as shown be-
low. The decrease in diffusion comes from a decrease in the second term of Fig. 3(c), where
two scatterings happen with a modified forward phonon propagator in between. Intuitively,
the random walk nature of diffusion is modified by the back scattering being suppressed –
it prevents those terms from contributing to the phonon motion. This is a classical analog
of Zeno’s paradox.
V. CONCLUSION
We provide a general model of phonon propagation with the presence of directional op-
tomechanical interaction and random phonon-phonon scattering via impurities. We perform
both numerical simulation of the optomechanically-modified phonon propagation in the pres-
ence of disorder and perturbative calculation of phonon propagator to find the linear response
of the phonons. Our result shows an increase of the linewidth of phonons directly coupled to
the optics and a decrease of the linewidth of phonons propagating in the opposite direction
as optical pump power increases. Furthermore, we see a direction-dependent decrease of
the diffusion constant of the material, due to back-scattering to optomechanically modified
phonons. These results suggest that in Brillouin scattering, high Q optical experiments, the
laser pump may induce chiral behavior for the mechanical systems even in the continuum
limit, at least over the phase-matching bandwidth.
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FIG. 4. (color online). (a) We symmetrically choose equally spaced phonon modes for both
q > 0 and q < 0 in the long wavelength linear dispersion regime. The phase-matching function∣f(q)∣2 shows the highly asymmetric coupling to optics between CW and CCW phonons. (b) We
choose phonon mode spacing ∆q = 0.0001, such that density of states ρ = 10000. We then choose
mechanical damping γ = 0.0002,0.0005,0.001, which gives ργ = 2,5,10, for blue, red and orange
data, respectively. We plot the normalized diffusion as a function of normalized pump power, and
then fit the data points with the function in the inset. The resulting analytical comparison shows
close agreement.
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